Let p be a prime number and M a quadratic number field, M Q( √ p) if p ≡ 1 mod 4. We will prove that for any positive integer d there exists a Galois extension F/Q with Galois group D 2p and an elliptic curve E/Q such that F contains M and the p-Selmer group of E/F has size at least p d .
Introduction
Let E be an elliptic curve defined over a number field K and let F be a number field containing K. We will write r(E/F) for the rank of the abelian group of F-rational points of E, S p (E/F) for the p-Selmer group of E over F, S p ∞ (E/F) for the p-infinity Selmer group of E over F and X(E/F) for the Tate-Shafarevich group of E over F. It is conjectured that X(E/F) is always finite and in this case the p-infinity Selmer group contains a direct product of r(E/F) copies of Q p /Z p . On the other hand, it is widely believed that both r(E/F) and X(E/F)[p ∞ ] can be arbitrarily large for any p when F = K = Q.
Currently it is not even known whether the rank r(E/F) can be arbitrarily large as K and F vary over number fields of bounded degree over Q. The corresponding statement for X(E/F)[p ∞ ] was proved in [9] . The bound given there for the degree of F/Q = K/Q is O(p 4 ). For elliptic curves with complex multiplication this is improved in [2] to K = Q and [F : Q] < p 3 . Moreover, this latter construction does not need to vary the elliptic curve. For p = 2, 3, 5 it is shown in [11] , in [1] and in [8] , respectively, that X(E/Q)[p ∞ ] can be arbitrarily large and for p = 7, 13 the same is shown in [13] . In general, very little is known about the Tate-Shafarevich group. A more tractable question is whether the p-Selmer group S p (E/F) can be arbitrarily large as K and F vary over number fields of bounded degree and E is defined over K. Since S p ∞ (E/F) contains lim − − → E(F)/p n E(F) (where the direct limit is taken with respect to multiplicationby-p maps) with quotient isomorphic to X(E/F)[p ∞ ], an affirmative answer to this question implies that either r(E/F) or X(E/F)[p] must get arbitrarily large. Tom Fisher showed in [8] that S 7 (E/Q) can get arbitrarily large. Unlike for p = 5, the result does not specify whether the large Selmer group comes from a large rank or from a large Tate-Shafarevich group. In [10] it is shown that the p-Selmer group S p (E/K) can be arbitrarily large when F = K varies over number fields of degree at most g + 1 where g is the genus of the modular curve X 0 (p) and in particular that S 13 (E/Q) can be arbitrarily large. The main result of the present paper is the following:
Theorem 1.1. Let p be a prime number and M a quadratic number field, M Q( √ p) if p ≡ 1 mod 4. Given any positive integer d there exists a Galois extension F/Q with Galois group D 2p and an elliptic curve E/Q such that F contains M and #S
Our approach lends itself to concrete computations. We will write down the elliptic curves E over Q in Legendre normal form and exhibit the number fields F in terms of class field theory. Defining polynomials can then be computed using algorithms described in [4, Chapter 6] .
Remark 1.2.
In a recent preprint [12] , Matsuno shows that given any cyclic extension F/Q of prime degree p, the p-torsion of the Tate-Shafarevich group of E/F is unbounded as E varies over elliptic curves defined over Q. Also, in a recent preprint by Clark and Sharif [3] it is shown that for any E/Q the Tate-Shafarevich group can get arbitrarily large over extensions F/Q of degree p, not necessarily Galois. Remark 1.3. Unfortunately, it seems impossible to push our construction further to lower the degree of the extensions required. The technique fundamentally relies on non-abelian extensions of degree divisible by p.
We now briefly describe the method of our proof. The starting point is the conjecture of Birch, Swinnerton-Dyer and Tate [21] relating the order of vanishing of the L-function L(E/F, s) over F, associated to the elliptic curve E, at s = 1 to several arithmetic invariants of E/F. We will call the corresponding quotient the BSD-quotient for
then the conjecture predicts an equality of the corresponding products of BSD-quotients. In fact, this equality follows just from the finiteness of the Tate-Shafarevich groups, as explained in the footnote on page 7 in [7] . We use such an equality to relate certain quotients of orders of Tate-Shafarevich groups and of regulators to a corresponding quotient of Tamagawa numbers. In particular, we can show that if this quotient of Tamagawa numbers gets arbitrarily large then the quotient
must get arbitrarily large, where Reg(E/F) is the absolute value of the determinant of the canonical height pairing on a basis of E(F)/E(F) tors . We then examine so called regulator constants, first introduced in [6] and further exploited in [7] , to show that an arbitrarily large regulator quotient implies arbitrarily large rank.
To produce arbitrarily large Tamagawa quotients is an application of class field theory and is done in section 3.
In section 4 we prove Theorem 1.1 unconditional on the finiteness of the TateShafarevich groups. In this case the BSD quotient must be modified to account for a possible divisible component in the Tate-Shafarevich groups. We present the conditional proof first because it appears more natural in the context of the conjecture of Birch, Swinnerton-Dyer and Tate and motivates the unconditional one.
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, the map is the restriction and the product is taken over all places of F.
with the product taken over places of F, and
Here we followed [21] in writing The definition of C(E/K) depends on the choice of the invariant differential ω but this dependence will not cause any ambiguity as long as we always choose the same differential when we have the same expression for number fields L i /K.
Regulator constants

BSD quotients
We recall a compatibility statement between the Birch and Swinnerton-Dyer conjecture and Artin formalism for L-functions and refer to [6] for details. If G is a group, H a subgroup and ρ a representation of H, we write Ind G/H (ρ) for the induced representation from H to G. Similarly, given a representation τ of G, we write Res G/H (τ) for the restriction of τ to H. If K is a number field andK is a fixed algebraic closure and if K ⊇ L ⊇ K is an algebraic extension of number fields then given an Artin representation ρ of Gal(K/L) we write Ind L/K (ρ) for the induced representation of Gal(K/K).
From now on, whenever we start with a number field, we fix an algebraic closure and we assume all extensions to be contained in this algebraic closure. Given a number field K, suppose that we have algebraic extensions
Then by Artin formalism for L-functions we have
Of great importance to us is the following compatibility statement between Artin formalism and the Birch and Swinnerton-Dyer conjecture:
Moreover, if one only assumes that the p-primary parts of the Tate-Shafarevich groups are finite then the same equality holds up to a p-adic unit if X is replaced by its pprimary part.
Note that the real and the complex periods as well as the discriminants of the fields, which are present in the conjecture of Birch and Swinnerton-Dyer, cancel in our situation, provided that one chooses the same invariant differential ω over K for each term. Now let G be any finite group and write H for the set of conjugacy classes of subgroups of G. If for some H i ∈ H and H ′ j ∈ H we have an isomorphism of permutation representations of
then we follow [6] in saying that
is a relation between permutation representations, or just a G-relation.
We can reformulate this definition as follows: the Burnside ring of G is defined as the ring of formal Z-linear combinations of isomorphism classes [S ] of finite G-sets modulo the relations
where S ⊔ T denotes disjoint union and S × T denotes the Cartesian product; the representation ring of G over C is the ring of formal Z-linear combinations of isomorphism classes [M] of finite dimensional CG-modules modulo the relations
We have a natural map from the Burnside ring to the representation ring that sends a G-set S to the CG-module C [S ] with C-basis indexed by the elements of S and the natural G-action. For more material on the Burnside ring and the representation ring, see for example [5, §80-81] . A G-relation is then an element of the kernel of this natural map.
Notation. Let F/K be a Galois extension of number fields with Galois group G.
and similarly for #X(E/Θ), C(E/Θ) and |E(Θ) tors | or indeed for any function to C associated with E which depends on the field extension.
In this shorthand language the second part of Theorem 2.1 says that
Our strategy will be to control the Tamagawa numbers and the torsion subgroups to make the left hand side of this equation large.
be the dihedral group of order 2p for an odd prime p. Then we have a relation between permutation representations
which is unique up to scalar multiples. Suppose now that E/K is an elliptic curve. Take the subgroups
Here and in the rest of the paper we will often identify subgroups with their image in H. Let F/K be a Galois extension of number fields with Galois group G and let L = F 
Similarly, it is easily seen that if a place v of split multiplicative reduction is totally ramified in F/K then the associated Tamagawa quotient is 1/p and for any other ramification behaviour it is 1.
Remark 2.3. Given any relation Θ, if E is semi-stable then C(E/Θ) = c(E/Θ).
Indeed, we first claim that in a relation the Tamagawa quotient
above each finite place v of K does not depend on the choice of the invariant differential ω. Namely, if we re-scale ω by a constant α ∈ K × then the Tamagawa quotient changes by a factor of
where D is a decomposition group of v. But the exponent of |α| v is zero by Mackey's formula and Frobenius reciprocity, since #D\G/H is the number of trivial representations in the direct sum decomposition of Res G/D (Ind G/H (1 H )), 1 H denoting the trivial representation of H, and since we have an isomorphism of permutation representations
Next, we note that when v is a place of semi-stable reduction of E we can choose ω to be a Néron differential at v. Then ω stays minimal at all places above v and so in a relation we can replace C v by c v in this case. Thus, for semi-stable elliptic curves E we can replace the product C(E/K) of the modified Tamagawa numbers by just the product of the local Tamagawa numbers c(E/K), as claimed.
Regulator constants and Mordell-Weil ranks
Let G be a finite group, let Γ be a finitely generated ZG-module which is Z-free. We call such a module a G-lattice over Z. Let , be a fixed C-valued G-invariant nondegenerate Z-bilinear pairing on Γ. For each subgroup H ≤ G,
where each inner product matrix is evaluated with respect to some Z-basis on the fixed submodule. If the matrix of the pairing on Γ H with respect to some fixed basis is M then changing the basis by the change of basis matrix X ∈ GL(Γ H ) changes the matrix of the pairing to X tr MX. So the regulator constant is indeed a well-defined element of
We recall the relevant results from [7] : In particular, we can choose , to be Q-valued and so C Θ (Γ) is in fact an element of Q × .
Corollary 2.6 ([7]
, Corollary 2.18). C Θ (Γ) is multiplicative in Θ and in Γ, i.e.
The following result explains the fundamental rôle of regulator constants in our construction: Proposition 2.7. Let G be a finite group, Θ a G-relation, K a number 
where Reg(E i /Θ) is the quotient of regulators of E over subfields of F i . Now, by the Jordan-Zassenhaus theorem on integral representations [22] , there exist only finitely many isomorphism classes of Z-free ZG-modules Γ such that Γ ⊗ Q is isomorphic to a given finite dimensional rational representation. It follows that there are only finitely many such modules up to isomorphism of given rank over Z. Therefore, if r(E i /F i ) was bounded as i → ∞, the set Reg(E i /Θ) would be finite, contradicting the hypothesis of the theorem.
We record another feature of regulator constants which will allow us to control the growth of the regulator quotient: 
Proof. Quite generally, if D < G is a subgroup and ψ is a function on the Burnside ring of G (such as C v : H → C v (E/F
H ) for example) which can be written as
for ψ D a function on the Burnside ring of D (i.e. if ψ is "D-local" in the language of [7] ) and if ψ D is trivial on all D-relations then ψ is trivial on all G-relations. This follows from Mackey decomposition and a rather intricate formalism introduced in [7, 2. iii]. In our case, if D is the decomposition group of some w/v in G then the function C v is D-local. But we assumed that D was cyclic and cyclic groups have no non-trivial relations. Therefore we are done.
Large Selmer groups
We are now ready to begin the proof of the main result. This will consist of two explicit constructions: of the elliptic curve and of the field extension.
Dihedral extension of number fields via class field theory
We will follow the notation in [4] so that the construction is readily implementable on a computer using the algorithms described there. Notation. For a number field M we fix the following notation: m = (m 0 , m ∞ ) a modulus of M, where m 0 is an integral ideal of the field and m ∞ is a set of real embeddings. I m for a given modulus m, the multiplicative group of fractional ideals which are co-prime to m 0 . P m for a given modulus m, the subgroup of I m generated by all principal ideals (a), a ∈ M × , such that a ≡ 1 mod * m by which we mean that ord p (a − 1) ≥ ord p (m 0 ) for all p above m 0 and σ(a) > 0 for all embeddings σ ∈ m ∞ . (m, U) a congruence subgroup, i.e. m is a modulus and P m ≤ U ≤ I m .
Definition 3.1. Two congruence subgroups (m, U m ) and (n, U n ) are said to be equivalent if I m ∩ U n = I n ∩ U m . The smallest n such that (m, U m ) is equivalent to (n, U m P n ) is called the conductor associated to (m, U m ). This is equivalent to saying that the conductor is the smallest modulus n such that the natural map I m /U m → I n /U m P n is injective.
The following is one of the main results of global class field theory: 
Theorem 3.2. Given any modulus m of M and any congruence subgroup U, there exists a unique abelian extension F/M such that
I m /U −→ Gal(F/M) α → (α, F/M)(τα, F/M) = τ −1 (α, F/M)τ ∀τ ∈ Aut(M).(2)
If K is a subfield of M and M/K is Galois then F/K is Galois if and only if τ(U) is equivalent to U for all
The primes that ramify in F/M are precisely the ones that divide the conductor f of (m, U m ) and a prime p is wildly ramified if and only if p 2 divides f.
We will now use this result to construct dihedral extensions of Q with a prescribed intermediate field and arbitrarily many ramified primes: It is condition (ii)' that we will need for our main result but we include the variant with condition (ii) for completeness.
Proof. We will find infinitely many dihedral extensions F i of Q containing M with disjoint sets of ramified primes in F i /M. By taking "diagonal" subfields in their compositum we will create the required extension. To construct the extensions F i we will use the above results from class field theory by constructing moduli m which will be fixed by the Galois group of M/Q and such that I m /P m will have a quotient I m /U of order p with U fixed by the Galois group of M/Q and this Galois group acting as x → x −1 on the quotient.
Let U be the group of units of M and for a modulus m = (m 0 , m ∞ ) of M define
Further define I
Then we have the exact sequence
The map I ′ m /P ′ m → I m /P m simply sends an element to the ideal it generates (or rather its equivalence class). We will concentrate on the term I 
We will henceforth assume that both sets are infinite since the proof (or rather the relevant part) just carries over to the other case. Define the following sequences of distinct moduli, always taking m ∞ to be empty and dropping the subscript from m 0 to avoid index overload:
with all q i , q
Let τ be the non-trivial element of the Galois group of M/Q. It is clear that τ fixes all the chosen moduli. We make several easy observations:
• By the Chinese Remainder Theorem there is an isomorphism
• If q ∈ S 1 then writing (q) =′ in M we get that
, with the action of τ being given by
• So, for m = m i or m = m j , I
′ m /P ′ m contains a quotient which is isomorphic to Z/pZ × Z/pZ on which τ acts as x → x −1 . Since, for p an odd prime, in a quadratic field any quotient of U can contain at most one copy of Z/pZ we deduce from the exact sequence (3) that there exists a subgroup of I m /P m which has a quotient isomorphic to Z/pZ and on which τ acts as x → x −1 . The structure theorem for abelian groups now implies that I m /P m itself has such a quotient, I m /U m , say.
• By Theorem 3.2 we get, for each m = m i or m = m j , an abelian extension F m of M of degree p with conductor dividing m. Moreover, we have chosen R m and thus also U m in such a way that the extension F m /Q is Galois and by equation (2) the Galois group is D 2p .
Since only finitely many of the extensions F m /M can be unramified, we have constructed two sequences of distinct Galois extensions F i = F m i and F ′ j = F m j of Q with Galois groups D 2p with disjoint sets of primes which ramify over M. In one sequence these primes lie above primes from S 1 and in the other from S 2 . These extensions are all independent over M. Let q i ramify in F i /M. We will now inductively construct an extension of M which is Galois over Q with Galois group D 2p and in which arbitrarily many primes from S 1 ramify. The case for S 2 is completely analogous.
Suppose we have constructed an extension F/M which is Galois over Q with Galois group D 2p and in which the primes q 1 , . . . , q k ramify. Consider the compositum of F and F k+1 . Since the two fields are disjoint over M, the Galois group of their compositum is Z/pZ × Z/pZ = g × h , say. Clearly, F is the maximal extension of M inside F k+1 F which is unramified at q k+1 and similarly F k+1 is the maximal extension which is unramified at q for any q ∈ {q 1 , . . . , q k }. Thus, taking the fixed field inside F k+1 F of (g, h) we get a Galois extension of Q with Galois group D 2p which is ramified at all the primes q 1 , . . . , q k+1 . This inductive procedure completes our construction.
Remark 3.4. There are algorithms for computing the ray class group of a given modulus and for computing a defining polynomial for the field associated to a congruence subgroup. They are particularly well suited in our situation since there is a specialised efficient algorithm for totally real fields and another one for complex quadratic fields. Both are described in [4, Chapter 6 ].
Elliptic curves in Legendre normal form and main result
The last easy ingredient we need is: Lemma 3.5. Let E be an elliptic curve over Q given in Legendre normal form by
where λ ∈ Z is odd. Then
• E has split multiplicative reduction at all odd q|(λ − 1);
• E has multiplicative reduction at all q|λ and it is split multiplicative if and only if q ≡ 1 mod 4;
• E has potentially good reduction at 2 if and only if λ 1 mod 32. Moreover, if λ ≡ 17 mod 32 then E has good reduction at 2.
• E has good reduction at all other primes.
Proof. We use the standard notation for the invariants ∆ and c 4 associated to a Weierstrass equation for E (see [19, Ch. III §1]). If E is given in Legendre normal form as above then we have
Thus the primes of bad reduction divide λ or λ − 6 and assume that it has multiplicative reduction at a prime q, the singular point being (0, 0). Then the reduction is split multiplicative if and only if the polynomial T 2 + a 1 T − a 2 splits over the residue field at q.
In our case, if q|λ then the singular point of the reduction modulo q is (0, 0) and a 1 = 0, a 2 = −λ − 1 ≡ −1 mod q. So the polynomial splits if and only if -1 is a square modulo q.
If q|λ − 1 then perform the change of variables x = x ′ + 1. The singular point again becomes (0, 0) and a 1 = 0, a 2 = 2 − λ ≡ 1 mod q and so the polynomial always splits.
Finally, E has potentially good reduction at 2 if and only if the j-invariant is a 2-adic integer. But λ is odd, so Proof. This is known for p ≤ 7 (see introduction for references), so for simplicity assume p > 7. The proof will proceed by considering the p-part of equation (1) 
) and is therefore 0 since E(F)[p ∞ ] is trivial as we have just established. But recall that the numerator of X(E/Θ) is X(E/Q) 2 X(E/F). Thus, in this scenario, by Proposition 2.7 it suffices to show that
can be made arbitrarily large. So by equation (1) we need to make the p-part of the inverse of the Tamagawa quotient arbitrarily large. The result now immediately follows from Lemma 3.6.
It remains to prove that in fact the p-Selmer gets large in our extensions and not just the p ∞ -Selmer. This will be more naturally done in the next section.
Unconditional statements
We now want to drop the assumption that Tate-Shafarevich groups are finite. We recall the relevant result from [6] .
with finite co-kernel of order d, we can construct an isogeny of abelian varieties We have already shown in Lemma 3.6 that if we take K = Q, G = D 2p and Θ to be the relation from Example 2.2 then we can choose E and F such that the Tamagawaquotient gets arbitrarily large and such that F contains a predetermined quadratic subfield (subject to the restriction in the Lemma). Also, if we take p > 7 and E/Q semistable, as in Lemma 3.6 then the p-part of
is trivial by [14] and [15] . Finally, the real and complex periods cancel as in Theorem 2.1 since they are equal to the corresponding periods of the elliptic curve as explained in [16] . Equation (4) implies that then at least one of the three quantities 
